Noncommutative geometry and the standard model: an overview by Gracía-Bondía, José M



















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































4. The choice of gauge groups and hypercharge assignments seems rather
arbitrary, although it has the felicitous result that the model, despite
being chiral, is anomaly-free.
5. There is an apparent juxtaposition of gauged and non-gauged interaction
sectors.
6. There is no explanation for the huge span of fermionic masses.
Noncommutative geometry goes a good bit of the way to solving these ques-
tions |except the last.
A new framework for thinking about the SM
In noncommutative geometry (NGC) all the complexities and idiosyncrasies of
the SM stem from a \pure QCD-like theory" with a unied noncommutative
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on a noncommutative space, to wit, the product ofM
4
by the space of the internal
degrees of freedom: colour, weak isospin and hypercharge. Here







That is to say, the Higgs is seen as a gauge boson (this helps to explain its
quartic kinetic energy and its pointlike coupling to fermions). We still have
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1=2
):
The spaces of noncommutative geometry
The mathematical framework hinges on two related ideas: (1) geometrical prop-
erties of spaces of points (e.g., spacetime without chirality) are determined by
their c-number functions; (2) other geometrical settings (e.g., spacetime with
chirality) can be accommodated by allowing noncommutative algebras of q-
number functions; both are thought of as algebras of operators on Hilbert spaces.
Many structures arising in classical geometry are thus replaced by their quan-
tum counterparts. For instances, measure spaces are replaced by von Neumann
algebras, topological spaces by C

-algebras, vector bundles by projective mod-
ules, Lie groups by smooth groupoids, de Rham homology by cyclic cohomology,
and spin manifolds by spectral triples.
Think of functions as forming an algebra A of multiplication operators on




. If   is the sign operator ( = 1 on H

), then
Æf = [ ; f ] is an \innitesimal" operator. Dierential calculus is done with a
\spectral triple" consisting of the algebra A, the Hilbert space H and an odd





)). Integration of functions is eected by the Dixmier trace of operators:
if T has eigenvalues 
n
(T )  0, then
Z















Other classical geometrical objects have their quantum counterparts. A
complex variable becomes an operator in H, a real variable is a selfadjoint
operator, and an innitesimal is a compact operator. An innitesimal of order k





The dierential of real or complex variable is replaced by Æf  [ ; f ] =  f f ;
and the integral of a rst-order innitesimal is given by the Dixmier trace.
The spectral triple (A;H; D) determines the geometry completely. For ex-
ample, here is the formula for computing distances between points (i.e., pure
states of A) on a conventional Riemannian manifold:
d(p; q) = supf jf(p)  f(q)j : f 2 A; k[D; f ]k  1 g;
where D = @= is the usual Dirac operator. Thus, we now have a fully quan-
tum formalism for the classical world, and we notice that distances are better
measured by neutrinos than by scalar particles!
The reconstruction of the SM
We need to have more details on the noncommutative dierential calculus.





























, d1 = 0 and d
2
= 0. Having a spectral triple
allows us to condense this large algebra to a more useful one. We rst represent
the whole of 
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]:
The algebra of operators (


A) is not a dierential algebra, in general. This












= 0 g is factored out, thereby obtaining a new















(M ; C ) for the standard commutative spectral triple




) isomorphic to the de Rham complex of

































operator holds information about the Yukawa{Kobayashi{Maskawa
couplings. The mimimal coupling recipe leads then to the usual fermionic action
3
plus the mass terms. The noncommutative gauge potential A and eld F, on








































from which the Yang{Mills Action and thus the (classical) Lagrangian are ob-
tained by a noncommutative procedure strictly parallel to the usual one. To
avoid a U (3) SU (2)U (1) theory, however, an ingredient is missing. Follow-
ing Connes we impose the \unimodularity condition"
Str(A + JA J) = 0;
where the supertrace is taken with respect to particle-antiparticle splitting; here
J is the conjugation operator that interchanges particles and antiparticles. One
gets the reduction to the SM gauge group and the correct hypercharges; this
happens now irrespectively of whether neutrinos are massive or not. We have
recently shown that the unimodularity condition is strictly equivalent, within
the NCG framework, to anomaly cancellation: a rst exciting hint at a deeper
relationship between quantum physics and NCG than was known before.
Recapitulation
The picture that emerges is that of a \doubling" of the space stemming from
chirality, with gauge bosons corresponding to the displacements in continuous
directions and the Higgs boson corresponding to the exchange of quanta in the
discrete direction.
There are 18 free parameters in the SM (leaving aside the vacuum angle ):
the strong coupling constant 
3









the Higgs mass; the nine (or twelve, if neutrinos are massive) fermion masses;
and four Kobayashi{Maskawa parameters. One has as inputs the fermionic
constants only; one can treat 
2
as an adjustable parameter. When all compu-


















































where B;F;G denote respectively the U (1), SU (2), SU (3) gauge elds and the









, which play the role of coupling constants in NCG.
The appearance of parameter restrictions is only natural, as all gauge elds
now are part of a unique eld. As only the ratios among those NCG parameters
are important, there would remain only one \prediction", i.e., the Higgs particle
mass. We can be a little more explicit if we take the values which are more


















), with range  1  x  1. The most natural value
is x = 0:5. When one identies the previous constrained Lagrangian to the










































































One can accommodate the experimental values of the strong coupling con-




. Thus, NCG oers no









is a suggestive constraint |it gives at once the
right ballpark| there is no true prediction for the mass of the top quark, ei-
ther. Rather, the experimentally determined top mass helps to x the more
important parameter of the theory, namely x. Once the top mass is pinned





' 200GeV, we get x = 0:53, and then m
H
= 328:3 GeV. Note
that for x & 0:8, we are outside the perturbative regime in Quantum Field The-
ory. If there were a compelling reason to adopt Connes' relations on-shell, the
theory would stand or fall by the value of the Higgs mass.
On the other hand, unless and until someone comes out with a quantiza-
tion procedure specic to NCG that does the trick, there seems to be no such
compelling reason. It is only reasonable to apply the standard renormalization
procedures of present-day QFT to Connes' version of the SM Lagrangian. The
constraints are not preserved under the renormalization ow, i.e., they do not
correspond to a hidden symmetry of the SM. The view that any constraints can
be imposed only in a fully renormalization group invariant way is, nevertheless,
theoretically untenable.
It is just conceivable that Nature has chosen for us a scale 
0
at which to
impose Connes' restrictions. If we choose x = 0:5, the present experimental
values for the strong interaction coupling and Weinberg angle are regained on




GeV (in the massive
case). This \intermediate unication scale" would mark the limit of validity
of the present, phenomenological NCG model, essentially corresponding to an
ordinary, but disconnected, manifold; at higher energy scales, the regime of truly
5
noncommutative geometries would begin. On imposing the mass relations at 
C
,
and running the renormalization equations at one loop, we get m
top
' 215 GeV
(within the error bars of the D0 experiment) and m
H
' 235 240 GeV. The
1-loop approximation is not very accurate; inclusion of quantum corrections at
2nd order would give somewhat higher Higgs masses.





gives the Einstein{Hilbert action of general relativity.
However, there seems to be at present no unambiguous unication strand, within
NCG, of gravitation and the subatomic forces.
Some sources
The original groundbreaking paper was [1]. For the \old scheme" of NCG (as
presented in the 1992{94 period), and the introduction of the \new scheme",
see [2]. For the mathematics of NCG, see [2] and [3]. The parameter relations
were derived in [4]. Renormalization of NCG models, and the ro^le of anomalies
in NCG schemes, have been explored in [5]. A noncommutative geometry model
with massive neutrinos was proposed in [6]. Links between gravitation and NCG
have been studied in [7]. For the philosophy of the whole thing, see [8].
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